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The partial trace

The partial trace of an operator O with respect to system B is an operator on A:

trp(0) =Y _(fxlOlfx) Z@klk!e] (eu-
!

The partial trace on system B is a linear map from the set of joint operators to the set of operators

on A. The partial trace of O with respect to system A is similarly defined as
tra(0) = Y (ejlOle;) = Y Ojegml i) (Fiml-
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The complete trace can be obtained by doing two partial traces
0) = Ojijr = tra(trp(0)) = trp(tra(0)).
j?k
In the same way as the complete trace, the partial trace is also independent of the orthogonal basis

used to compute it. We also have

trp(A® B) = Atr(B), trp((A®1)0)=Atrg(0), tre(O(A®1))= trp(0)A.

trp(00") = > (frlO0'|fr) = > {frlOlfm){fm|O'| fr) # trp(0'0).
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When dealing with the complete trace we can switch the order of operators since the matrix
elements that appear while computing the trace are just numbers. In the case of the partial trace
the sandwiches that appear are operators on subsystem A and in general they do not commute
and hence we cannot, in general, switch the order of operators inside a partial trace. It still is true
that

trp((1® B)O) = trp(0 (1 ® B)),

because in this case the partial matrix element (f;|14 ® B|fmm) = L4 (fx|B|fr) is a multiple of the
identity operator on system A and therefore it will commute with the operator (f;|O|f). Similarly

we can show that

trp(0 (La @ |65)(E8l) = D La(fulOlfm)(fmld5) (€l fi)
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= 14 (B|0|¢B) = (£8|0[9B),



which means that a partial trace on B does indeed make an outer product on B into a partial
matrix element with respect to B. One needs to keep track of which one is an operator on A and
which one is a complex number when doing these manipulations. In this case, ({g|O|¢p) is an
operator on system A while (f,|¢p) and (5| fx) are complex numbers.

The main use we have for the partial trace is to compute the marginal density operator for a
subsystem of a composite system. If the composite system has a state pap then a measurement in

the basis |e;) on system A yields result j with probability

pi =Y vt =Y _{ej frlpanle;, fi)-
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In writing the above expression we assume that in addition to the measurement in the basis |e;)

on system A we are measuring system B in an arbitrary basis |fx). To find the probability for a

particular outcome for the measurement on A we compute the marginal distribution by summing

over all the results of measurement on B in accordance with the rules of classical probabilities.

The probability for result j can be put in the form
pi = D less filpanles, fi) = (el (S (frlpanlfid ) les) = (esltrnlpa)le;) = (ejlpales).
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where we have defined

pa = trp(paB).

The operator pa is called the marginal density operator of A since as far as subsystem A is
concerned all probabilities are computed as though p4 is the state of subsystem A. We can put p;

in other useful forms as follows:

pj = Y tr(pasles, fi){es, frl)
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= Z tr(,OAB|€j><ej| & |fk><fk|)

k

= we(paslei el (S 1))

k
= tr(pap(P; @ 1p))

= tra(trp(pas(P; ® 1p)))

= trA(trB(pAB)Pj)

= try (pAPj).
Note that in the middle when we are working with the composite state pap, the projection operator
that goes with the measurement is P; ® 1g which not a rank 1 projector but instead has rank
dp. This corresponds to the fact that the result j is degenerate, with dp different possibilities for
system B.

Let us now consider an example. Consider a two qubit pure state,

U 4p) = cos6]00) + sin 011).



The corresponding composite density operator is
paB = |WaB) (V| = cos? 8]00)(00] 4 sin® A|11) (11| + cos O sin §(|00) (11| + |11)(00]).
A measurement of
Z = |0)(0] — 1),

only on system A yields the result +1 with probability,

tr(pap Pe, ® 1p)

= (Vap|Pe. @ 1p|¥ap)

(Wap[(10){0] @ (|0)(0] + [1){1]))[¥ ap)
(W 45[(]00)(00] + |01)(01]) [T ap)

= cos2 0.

P11

We can get the same result by computing the marginal density operator p4 first,

pa = trp(pan)
cos? 0 trz(]00)(00]) + sin? O trp(|11)(11])
+ cos@sind( trp(]00)(11]) + trp(|11)(00]))
= cos? 0]0)(0](0]0) + sin? §|1)(1](1]1) + cos O sin A(|0)(1](1]0) + [1)(0[(0|1))
= cos?0|0)(0] + sin?A[1) (1,

from which we get,

pi1 = tra(pale.) = tra(pal0){0]) = (0]( cos® 0]0)(0| + sin®g]1)(1])|0) = cos® 6.
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